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Abstract 



In this paper we are interested in developments of elliptic functions 
of Jacobi. In particular a trigonometric expansion of the classical theta 
functions introduced by the author (Algebraic methods and q-special func- 
tions, Editors: C.R.M. Proceedings and Lectures Notes, A. M.S., vol 22, 
Providence, 1999, 53-57) permits one establish a differential system. This 
system is derived from the heat equation and is satisfied by their coeffi- 
cients. Several applications may be deduced. 

Other types of expansions for the Jacobi elliptic functions as well as for 
the Zeta function are examined. 



1 Introduction 

We review briefly some known facts on Jacobi elliptic functions theta and zeta 
functions for later use. (For details see, e.g. [1], [2].) 

Let 9 be the temperature at time t at any point in a solid the conducting 
properties of which are uniform and isotropic. If p is its density, s its specific 
heat and k its thermal conductivity, 9 satisfies the heat equation : 

o 09 

where n = — is the diffusivity. 

sp J 

Let Ouvw be a rectangular Cartesian frame. In the special case where there 
is no variation of temperature in the uw— plane, the heat flow is everywhere 
parallel to the v— axis and the heat equation reduces to the form 



(Py_ _ dy 

K 8v 2 ~ dt [ ' 



where y = 0(v, t). 
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Consider the following boundary conditions 

0(0, i) = 0(1, i), 9(v,0) = n6(v-l/2), 0<v<l, 

where S(v) is its Dirac function. Then the solution of the boundary value prob- 
lem is given by 

6(v,t) = 2^(-l)" e -( 2 ™ +1 ^ 2Kt sin((2n+l)™), (2) 

n>0 

Consider the change 

T = 4z7T Kt. 

It follows that = 4«7r|^ and Equation (1.1) becomes the partial differential 
equation 

When we write q = e l7TT = e^ 4 ^ 2 ^, the solution (1.2) takes the form 

0i(u,t) - 2^(-l)™q< Ii * i ) 2 sin((2n + l)7rw) (4) 

n>0 

which is the first of the four theta functions of Jacobi. 

When the precise value of q is not important, we suppress the dependance upon 
q. If one changes the boundary conditions to 

d9 

— = on v = 0, v = 1, 9(v, 0) = irS(v - 1/2), < v < 1, 

then the corresponding solution of the boundary value problem of the heat 
equation (1.1) is given by 

9 4 (v) = 6 4 {v,t) = 1 + 2 ^2(-l) n q n2 cos(2mro). (5) 

n>l 

The function 6\(v,t) is periodic with period 2. Incrementing v by 1/2 it 
yields the second theta function 

02(f) = 2 (v,t) = 2^y ii * i)2 cos((2n+ l)irv). (6) 

n>0 

Similarly, the increment of v by 1/2 for 4 (v,t) yields the third theta function 

0s(w) = 3 (v, t) = 1 + 2 ^ cos(2n7rw). (7) 

n>l 

It is known the four theta functions 0i, 02, 03, 04 can be extended to complex 
values for v and q such that | q |< 1. 

Note that Jacobi's fundamental work on the theory of elliptic functions was 
based on these 
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four theta functions. His paper "Fundamenta nova theoria functionum el- 
lipticarum" published in 1829, together with its later supplements, made fun- 
damental contributions to the theory of elliptic functions. 

Turn now to the Jacobi elliptic functions sn u, cn u, dn u. There are 
defined as ratios of theta functions 

WW WW WW (j 

where u = dl(0)v. 

Define parameters k and k' by 

u _m k ,_el(o) 



They are called the modulus and the complementary modulus of the elliptic 
functions. When it is required to state the modulus explicitly, the elliptic func- 
tions of Jacobi are written sn (u, k), cn (u, k), dn (u, k). 

Moreover as for the theta functions the three Jacobi elliptic functions are related. 
In particular they satisfy the following relations 

sn 2 u + cn 2 u = 1, dn 2 u + k 2 sn 2 u = 1, k 2 cn 2 u + k' 2 = dn 2 u. (9) 

sn' u — (cn u)(dn u), cn' u = —(sn u)(dn u), dn' u = —k 2 (sn u)(cn u). (10) 
The functions sn (u, k), cn (u, k), dn (u, k) are doubly periodic with periods 

(AK(k),i2K'(k)), (AK(k), 2K(k) + i2K'(k), (2K(k), iAK'(k) 
respectively. Here K(k) denotes the complete elliptic integral of the first kind 

K = 2 ' 



• 2 

sin x 



and K'(k) = K(l - k). The modulus is such that < k < 1. 
The limit case k = yields K(0) = \ and trigonometric functions: 

sn (u, 0) = sinu, cn (u,0) —cosu, dn (u,0) = 1. 

The limit case k = 1 yields K(l) = oo and hyperbolic functions: 

sn (u, 1) = tanhu, cn (u, 1) = sech u, dn (u, 1) = sech u. 

The Zeta function of Jacobi is defined by 

Z(u) = -^[Ln(6 i (v))}, u = 9 2 (0)v 

and satisfies the following identity 

Z(u + w) = Z(u) + Z(w) — k 2 (sn u)(sn w)(sn (u + w)). 
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One demonstrated in [1] a new type of trigonometric development for theta 
functions. This one is of course connected to the developments of classic type. 
Thanks to the heat equation we deduced modular and arithmetic properties of 
its coefficients that seem to be of interest. 

Firstly we briefly recall significant results of [1] and [3]. The proofs are omitted. 
In light of these results one examine thereafter properties of elliptic and Zeta 
functions of Jacobi . 

2 Theta functions 

We proved the next result 

Theorem 1 The theta function 9 4 (v, t) may be expressed under the form 

9 4 (v,t) = 9 4 (0,t) exp[ J2 C 2 P W (sin ™) 2p ] 
P >i 

where the coefficients C2 P verify the recurrence relation for p > 1 

\ + (2p) 2 [c - (2p) 2 ]c 2p - 6[{2p+ l){2p+ 2)c 2p+2 - 2c 2 - £* =1 2kc 2k ] 2 
and c = -4[el(0,T)+dl(0,T)}, c 2 = ^gf} andc 4 = |^(0,r)^(0,r) + 
Moreover, the expression above for 9 a is valid in the strip \ Imv \< ^Imr. 
For the other theta functions we obtain the following 

Theorem 2 Under the hypotheses of Theorem 1 we get the following 
expressions 

9i(v,t) = 6> 4 (0,t) exp[iTr(v + ^r) + ^ c 2p (r) sin 2p 7r(i; + ^r)] 

P >i 

9 2 (v,t) = 9 4 (0,t) exp[in(v + ^r) + ^ c 2p (r) cos 2p n(v + ^r)] 

p>i 

9 3 (v,t) = 9 4 (0,t) cxp [^c 2p (r)(cos7ru) 2p ], 

p>i 

where coefficients c 2p verify relation (A). 

Moreover, the expressions above of 9\ and #3 are valid in the strip \ Imv |< 
ImT and, 9 2 is valid in the strip \ Imv |< ^Imr. 
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Under the same hypotheses, the product of theta functions holds 

Hv,t)6 3 (v,t)0 4 {v,t) 



,t)6 4 {v,t) =£V+ r exp [^ C2p ( r )[ sin 2 P7ru+cos 2p 7rw+cos 2 P7r(t;+ l T) j] 



In particular we get 

9[ (0, r) = 7T0f (0, r)q* exp [ ]T c 2p (r) [l + cos 2 * 3 tt J ] . 

The heat equation permits one to state a differential system satisfied by 
coefficients c 2p (r) 

|c' 2p = (2p + 2){2p + 1) c 2p+2 - 4p 2 c 2p - 
(S) { p ~ l (11) 

dc 2 „ 

where c 2p = — — . More precisely this system is obtained by identification 

after replacing expression of 9^(v,t) — 9^(Q,t) exp[^ p>1 c 2p (r) (sin irv) 2p ] in 
Equation (1.3). 

The next theorem solves System (S) and thus an expansion of theta function 
is derived 

Theorem 3 The coefficients c 2p (r) may be expressed as 



C2P(T) P§( sin ( fc +^) 2P 
The function #4 has the following expansion 



(-4)9 



2fe+l 



Moreover the expression above of 64 is valid in the strip \ Imv |< ^Imr. 

Of course the other theta functions 9\(v, r), 2 (v, r), 0s(v, r) have similar 
trigonometric expansions. 

3 Elliptic functions of Jacobi 

In this section we introduce new trigonometric developments for Jacobi elliptic 
functions constructed from the theta functions. 
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Theorem 4 Let u = 6%(Q)v, such that \ Imv |< jIwlt. Then the 
following expansions for elliptic functions hold 

snu = e i7TV cxp[- - — [sin 2p 7r(w+^)+sin 2p 7ru-cos 2p tt^+11 1, 

exp[- Y\-Y\ , . „ . is — ^ t sin2P 7rv - cos2p ^(v+^)-cos 2p irU }, 

dn u = cxp[— - 7- — — [cos 2p ttv — sin 2p ttv — 11 1. 

^ p ^ (sin(fc+ i )7rr)2p l 

Proof By Theorem 2 we get also the following expressions for ratios of 
theta functions 



cxp[^ c 2p (r) [sin 2p tt{v + I) - cos 2p tt(i; + I)]] 



e 2 (v,r) p ^ 

T ) rV^ / u 2n • 2n n 

-—7 - = exp > c 2p (r) cos p 7ru - sin p 7rd . 

Oi(v,T) j£ 

The result follows by Theorem 3 since c 2p (r) = — | X)fe>o( sm (' e + |) 7rr ) _2p - 

, , * ■ ■ 1 Sn U 03(0)01 («,t) ~, 

Moreover by dehnition one has = - 7—; , 7 and 

cnu 6 4 {0)0 2 (v,t) 

03{O)9i(v) e 4 (0)e 2 (v) 9 4 (0)6 3 (v) 

e 2 {o)e 4 { v y e 2 (o)e 4 (v)' o 3 (o)e 4 {v) 

Starting from Theorem 4 other various relations may be deduced. 
Theorem 5 Under hypotheses of Theorem 4 the following relations hold 
= exp l-'V - ; — |"l+sin 2p 7r(u+iT)-cos 2p 7r(v+ir)ll. 



- v exp \-Y - Y - - K- N9 [cos 2p 7r^cos 2p ^+l)_cos 2p tt^-11 



By the same way one obtains expansions for partial derivatives of cn w and 
(in u. 



4 Zeta function 

Consider the zeta function of Jacobi. It is defined by 
Zn(z,k) = ^^ lc, g04(v,r), 
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where v = ^ and K = 2 J 2 , dx is the complete elliptic integral 

v/ 1 fe^ sin 2? 

of the first kind and the modulus is such that < k < 1. Note that the zeta 
function has also a Fourier expansion 



n>l H 



which may be rewritten 



k>0 

where v — 



2K f—^ sin (ttv) — sin (k + \ttt) 



Theorem 6 Let K — 2 J 2 . dx be the complete elliptic integral 

a/1 — fc 2 sin 2 x 



yl — k 2 sin 2 x 

of the first kind. 

The zeta function of Jacobi has the following form 



Zn(z, k) = JL sin^-) £ E r TT , 
2if ^ V(sin(fc + 5 )ttt) 



fe>0p>l 

which is valid in the strip \ IrniSr \< hlmr. 



5 Concluding remarks 

The Jacobi elliptic functions and in particular dn (u, k) play an important role 
in the theory of elliptic functions as well as in many physical problems. 
The previous calculations particularly indicate to us that the theory of the 
Jacobi elliptic functions seems not to be exhausted completely and new charac- 
terizations involving Jacobi theta functions may be found. So we may expect 
always to discover other properties having interesting applications, as the works 
of Khare, Lakshminarayan and Sukhatme [5]. 

We recall some quantum mechanical facts using the function dn (u, k). 
The wave functions ^ — [dn (u, k)] T are the zeros modes of the periodic 
supersymmetric partners potentials : 

V+(u) = 2 ~, fc ^ 2(fc ,7 1) and V-(u) = 2-k + 2dn 2 (u,k). 
dn z (u, k) 

This function also allows a resolution of a nonlinear Schrodinger equation. In- 
deed the nonlinear Schrodinger equation 

dib d 2 ib 9 — 
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has the following as general periodic solutions 

ip{x, t) = r exp[i(px — p 2 — (2 — k 2 )r 2 )t] dn (rx — 2prt, A; 2 ), 

where r and p are some constants and k is the elliptic modulus. The cyclic 
identities as well as their generalized Landen formulas play an important role 
in showing that a kind of linear superposition of periodic solutions is valid in 
physically interesting nonlinear differential equations. See [5] for additional 
details. 
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